Chapter 4

Baire’s Theorem and Applications

4.1 Baire’s Theorem

Baire’s theorem is a result on complete metric spaces which will be used
in this chapter to prove some very important results on Banach spaces.

Theorem 4.1.1 (Baire’s Theorem) Let (X,d) be a complete metric
space. Let {V,}52, be a collection of open dense sets. Then

1s also dense.

Proof: Let W be any non-empty open set in X. We need to show that
the intersection N, V,, has a point in W.

Since V; is dense, it follows that W N V; # 0. Thus, we can find a
point z; in this intersection (which is also an open set). Hence, there
exists r; > 0 such that the open ball B(z;;r;), with centre at z; and
radius 7y, is contained in W N V;. By shrinking r if necessary, we may
also assume that the closure of this ball B(z;;7;) is also a subset of
WNV; and that 0 <7 < 1.

If n > 2, assume that we have chosen z,,_; and r,_; suitably. The
denseness of V;, shows that V;, N B(z,—1;7n—1) # 0 and so we can choose
z, and 7, such that 0 < r, < 1/n and

Blzniry) C Vo0 B(%a-11n-1)

Thus we now have a sequence of points {z,} in X. If i > n and j > n,
it is clear that both z; and z; both lie in B(zn;ry,) and so d(z;, ;) <
2rp, < 2/n and thus, the sequence {z,} is Cauchy. Since X is complete,
it follows that there exists z € X such that z,, — z.
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Now, for 7 > n, it follows that z; € B(z,;7r,) and so z € B(z,;7y)
for all n and so z € V, for all n. Also z € B(z;;7;) andso z € W as
well. This completes the proof. W

Remark 4.1.1 The main significance of this theorem is that, in partic-
ular, the intersection of a countable collection of non-empty open dense
sets in a (non-empty) complete metric space is, again, non-empty. ll

Remark 4.1.2 An equivalent way of stating this theorem is that a com-
plete metric space cannot be the countable union of nowhere dense sets.
In the literature, countable unions of nowhere dense sets are said to be
of the first category and all other sets are said to be of the second cate-
gory. Thus, Baire’s theorem states that every complete metric space is
of second category and so, often in the literature, it is referred to as the
Baire category theorem. B

A countable intersection of open sets in a topological space is called
a G set. Since the countable union of countable sets is again countable,
the following corallary is an immediate consequence of Baire’s theorem.

Corollary 4.1.1 In a complete metric space, the intersection of any
countable collection of dense G sets is again a dense G5 set. B

Corollary 4.1.2 In a complete metric space which has no isolated points,
a countable dense set can never be a Gj set.

Proof: Let E = {zx}{2, be a countable dense set in a complete metric
space X. If it is a G5 set, then, there exist open sets V;, such that

E = ﬂ;?;l Vﬂ.
Clearly, since E C V, for each n, each set V, is dense as well. Set
Wn = Va\ U {zx}.

Then each W, is also dense and open, since X has no isolated points.
But NS, W,, = 0, which contradicts Baire’s theorem. Hence the result.
L]

4.2 Principle of Uniform Boundedness

As a first application of Baire’s theorem we prove the following result.
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Theorem 4.2.1 (Banach-Steinhaus Theorem) Let V' be a Banach
space and let W be a normed linear space. Let I be an arbitrary indering
set and , for each i € I, let T; € L(V,W). Then, either there exists
M > 0 such that

IT:|| < M, forall iel

or,

sup [ Ti(z)|| = oo
el

for all x belonging to some dense G set in V.

Proof: For each z € V, set
p(z) = sup|Ti(z)].
iel

Let
Vo = {$€V1tp($)>ﬂ}.

Since each T; is continuous and since the norm is a continuous function,
it is easy to see that V,, is open for each n.

Assume now that there exists N such that Vjy fails to be dense in V.
Then, there exists zo € V and r > 0 such that z + zo € Vi if ||z|| < 7.
(In other words, there is an open ball B(zg;r), centered at zg and of
radius r, which does not intersect Viy.) This implies that p(z+z¢) < N
for all such z and so, for all ¢ € I,

ITi(z + zo)|| < N.
Thus, if ||z|| < r/2, we have, for all i € I,
ITi(@)| < [|Ti(z + zo)l| + I Ti(zo)| < 2N.

It follows from this that, for all 7 € I,

) < 2
and so the first alternative holds with M = 4N/r.
The other possibility is that each V,, is dense, and so, V being com-
plete, by Baire’s theorem, N,V, is a dense G5 and for each z € N, V4,
we have that ¢(z) = co. This completes the proof. B

An immediate consequence of the above result is the following.
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Corollary 4.2.1 If V is a Banach space and W is a normed linear
space and if T; € L(V,W) for an indexing set I such that

sup [Ti(z)]| < oo
i€l

for every x € V, then there exists M > 0 such that
|IT;| < M foreach icI. B

In other words, if the T; are all pointwise bounded, then they are
uniformly bounded in norm. For this reason, the Banach-Steinhaus
theorem is also referred to as the principle of uniform boundedness.

Corollary 4.2.2 Let V be a Banach space and let W be a normed linear
space and let {T,,} be a sequence of continuous linear transformations
from V into W such that , for each z € V, the sequence {T,z} is
convergent in W. Define

T(z) = nh_.lgc Talz):
Then T € L(V,W) and
IT)| < liminf T (4:2.1)

Proof: It is clear that T is linear. By the Banach-Steinhaus theorem,
it follows that {||T,||} is a bounded sequence. Let |T,| < C for all n.
Then, for each € V' and for all n, we have

[T (=)l < Cllz|.
Passing to the limit as n — oo, we deduce that
IT()|l < Cll=|

for each z € V and so T € L(V,W). The relation (4.2.1) follows from
the inequality
ITn (@) < (Tell |

foreachzeV. B

Corollary 4.2.3 Let V be a Banach space and let B C V be a subset.
Assume that

f(B) = {f(z) | =z € B}
18 a bounded subset of the scalar field for each f € V*. Then B is a
bounded subset of V.
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Proof: For z € B, consider the functional J, € V** defined by J;(f) =
f(z) for f € V*. Then, we know that (cf. Corollary 3.1.2)

I Tzllves = llzllv.

Taking B as the indexing set and V* as the Banach space, it follows
from the Banach-Steinhaus theorem that ||J;|| is uniformly bounded in
V**, which is the same as saying that B is bounded in V. R

Remark 4.2.1 To check the boundedness of a set V in a Banach space,
it thus suffices to verify that its image under each continuous linear
functional is bounded. In finite dimensional spaces, this is what we
precisely do. We check that the image under each coordinate projection
is bounded and these form a basis for the dual space. In the language
of weak topologies (to be studied later), the conclusion of the preceding
corollary is read as ‘weakly bounded implies bounded’. B

4.3 Application to Fourier Series

Let f: [-m, 7] — R be an integrable function. We can write its formal
Fourier series (in exponential form) as follows:

ft) ~ Y f(n)exp(int)

n=—co

where

fln) = 51‘;/: f(s) exp(—ins) ds (4.3.1)

are the Fourier coefficients of f. The first question that springs to the
mind is “in what sense does the Fourier series of a function represent
the function?” In particular, does the Fourier series of a continuous 27-
periodic function f converge to f(t) at every point t € [—m, 7|7 This is
relevant since each term in the Fourier series is a continuous 27-periodic
function. Unfortunately, the answer is ‘No!’. It was Dirichlet who first
established (around 1829, nearly seven decades after a lengthy contro-
versy began in Europe - about the validity of representing a function
in terms of sines and cosines - and raged through the latter half of the
eighteenth century) the sufficient conditions for the Fourier series of a
function to converge to its value at a point. This was later strengthened
by Jordan. In fact the study of the validity of Fourier expansions led to



102 4 Baire’s Theorem and Applications

a lot of mathematical development such as making precise the notion of
a function, Cantor’s theory of infinite sets, the theories of integration by
Riemann and by Lebesgue and theories of summability of series.

In this section, we will use the Banach-Steinhaus theorem to show
that there exists a very large class of continuous 27-periodic functions
whose Fourier series fail to converge on a very large set of points.

To study the convergence of Fourier series, we need to study its
partial sums:

sl = 3 Fln)expling)

n=-—-m

Using the formula for the Fourier coefficients (4.3.1), this becomes

sm(f)(t) = [ #(5)Dm(t - 5) ds (43.2)
where o
Dm(t) = ) exp(int).

The function D,, is called the Dirichlet kernel. If we multiply Dy, (t) suc-
cessively by exp(it/2) and exp(—it/2) and subtract, we see immediately
that

Dp(t) = ﬂﬂ?ﬂi}—t, if t+# 2km, for some non-negative integer k
m - 2
2m + 1, if t=2kn for some non-negative integer k.
Proposition 4.3.1 We have
lim |Dp(t)] dt = +oo. (4.3.3)
n—00

Lot 8

Proof: For t € R, we have |sint| < |t| and so

™ T | ai Ly
] |Dn(t)|dt > 4/ Mdt
- 0 t
(n+d)m | o
_ 4/ 2™ | sint| &t
0

=, [k |sint|
> 4 f dt
Zl (k-1)m t
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=\ (%™ |sint|
>4y [ dt
= Jk-1)x K
_ 851
oo k

from which (4.3.3) follows immediately. @

Proposition 4.3.2 Let V = Cpe|—, 7], the space of continuous 2m-
periodic functions with the usual sup-norm (denoted || - ||oo) and define
On:V =R by

¢ (f) = sa(£)(0)

where s,(f) is the n-th partial sum of the Fourier series of f. Then ¢,
s a continuous linear functional on V and

I6all = 57 [ 1Da(O) e 3.9

Proof: On one hand,
6ulf) = 5= [ FODa(t) dt

(cf. (4.3.2); D, is an even function). Thus,

8] < Ilkoge [ IDa(E)
and so 1
a1l < 3= | 1Dao)] at.

Now, let E, = {t € [-m,7] | Dp(t) > 0}. Define

fm®) = T3 md(t, Ey)

where d(t, A) = inf{|t—s| | s € A} is the distance of ¢ from a set A. Since
d(t, A) is a continuous function (cf. Proposition 1.2.3), fm, € Cper[—, 7],
(it is periodic since D,, is even and so E, is a symmetric set about the
origin). Also ||fmllec <1 and fr,(t) — 1 if t € E,, while f,(t) — —1 if

t € EZ. By the dominated convergence theorem, it now follows that

bultm) = 3= [ 1Datt) et
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from which (4.3.4) follows. B

We now apply the Banach-Steinhaus theorem to the space V =
Cper[—m, 7] and the collection of continuous linear functionals {¢,}.
Since, by Propositions 4.3.1.and 4.3.2, we have ||¢,|| — oo as n — oo, it
follows there exists a dense Gs-set (of continuous 27-periodic functions)
in V such that the Fourier series of all these functions diverge at ¢t = 0.
We could have very well dealt with any other point in the interval [—, 7]
in the same manner.

By another application of Baire’s theorem, we can strengthen this
further.

Let E, be the dense Gs-set of continuous 27-periodic functions in V'
such that the Fourier series of these functions diverge at z. Let {z;} be
a countable set of points in [—, 7] and let

Then, by Baire’s theorem, E is also a dense Gj-set (cf. Corollary 4.1.1).
Thus for each f € E, the Fourier series of f diverges at z; for all 1 <
1 < 00. Define

s*(f;2) = sup|sa(£)(z)]-

Hence {z | s*(f;z) = oo} is a Gs-set in (—m, ) for each f. If we choose
the x; above so that {z;} is dense (take all rationals, for instance in
(—m, 7)) then we have the following result.

Proposition 4.3.3 The set E C V is a dense Gs-set such that for all
f € E, the set Q; C (—m, ) where its Fourier series diverges, is a dense
Gs-set in (—m, 7). B

By virtue of Corollary 4.1.2, it follows that there exist uncountably many
2n-periodic continuous functions on [—m, 7] whose Fourier series diverge
on an uncountable subset of (—m, ).

4.4 The Open Mapping and Closed Graph Theorems

In this section, we will study two more important consequences of Baire’s
theorem which will have a lot of applications.

We begin by setting up some notation. If A and B are subsets in a
vector space V, we set

A+B = {z+y|z€AyceE B}.
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Similarly, if A is a scalar, we set
M = {)z |z € A}.

If A is a convex set, then we have A + A = 24, for if z € A, then
2z =z +z and so 2A C A+ A. On the other hand, if z and y € A, by
convexity, we have 1(z +y) € A and so z +y € 24. Thus, A+ A C 2A.

Proposition 4.4.1 Let V and W be Banach spaces. Let T € L(V,W)
be surjective. Then, there exists a constant ¢ > 0 such that

Bw(0;¢c) C T(By(0;1)). (4.4.1)
where By and By denote open balls in the spaces V and W respectively.

Proof: Step 1. We will first show that there exists a constant ¢ > 0
such that
Bw(0;2¢) C T(By(0;1)). (4.4.2)

Set X,, = nT(By(0;1)). Then each X, is a closed set. Since T is linear
and surjective, it follows immediately that W = U2, X,,. Hence, W
being complete, it follows from Baire’s theorem (cf. Remark 4.1.2) that
there exists n such that X,, has non-empty interior. Hence by change of
scale, it follows that

(T(Bv(0;1)))° # 0.
Thus, there exists yp € W and ¢ > 0 such that

Bw (yo;4c) C T(By(0;1)).

In particular yo € T'(By(0;1)) and, by symmetry, so does —yg. Since
any element of By (yo; 4c) may be written as yo+ 2 where z € By (0; 4c),
any such z can be written as z = (yo + 2) + (—¥o) and so it follows from
the above that

Bw(0;4c) C T(Bv(0;1)) + T(Bv(0;1)).

But T(By(0;1)) is convex and so the set on the right-hand side in the
above inclusion is, in fact, 27'(By(0;1)) and so we have (4.4.2).

Step 2. We now prove (4.4.1). Let y € Bw(0;c). We need to find
z € By(0;1) such that T(z) = y. Let € > 0. There exists z € V such
that ||z|ly < 1/2 and ||y — T'(2)|lw < € by virtue of (4.4.2) (applied
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to 2y). Set € = ¢/2 and let z; € V be such that ||z1]ly < 1/2 and
IT(21) — yllw < ¢/2.

We can iterate this procedure. By another application of (4.4.2) ( to
4(T(z) — y)) we can find 29 € V such that

1 c
lz2llv < 7 T (21 + 22) —yllw < 1

Thus, we can find, by repeated use of (4.4.2), a sequence {z,} in V such

that 1
c
lzally < o5 IT(21 4 - 4+ 20) —ylw < "
Then, it follows that the sequence {z; + - -+ + z,} is Cauchy in V, and,
since V' is complete, it will converge to an element z € V such that

lz]lv < 1 and we will also have T'(2) = y. This completes the proof. I

Theorem 4.4.1 (Open Mapping Theorem) Let V and W be Ba-
nach spaces and let T € L(V,W) be surjective. Then T is an open map.

Proof: We need to show that T" maps open sets in V' onto open sets
in W. Let G be an open set in V. Let y € T(G). Then, there exists
z € G such that y = T'(z). Since G is open, there exists » > 0 such that
z+ By(0;7) C G. Hence, y+ T(By(0;r)) C T(G). But by the previous
proposition, there exists s > 0 such that Bw(0;s) C T(By(0;r)) and
so y + Bw(0; s) C T(G) which means that T'(G) is open. B

Corollary 4.4.1 Let V and W be Banach spaces and let T € L(V,W)
be a bijection. Then T is an isomorphism.

Proof: Since T is a continuous bijection, in particular it is onto and
so, by the open mapping theorem, it is an open map, which means that
T-1 is also continuous. Thus T is an isomorphism. W

Corollary 4.4.2 Let V be a Banach space with respect to two norms,
I-li and ||.||2. Assume that there exists ¢ > 0 such that

lzlly < ellzll2
for all z € V. Then, the two norms are equivalent.

Proof: The identity map I : {V,|.|l2} — {V,||-|l1} is a linear bijection
which is also continuous by the given hypothesis. Hence the inverse map
is also continuous and this means that there exists a constant C' > 0 such
that

Izl < Cllellx
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for all z € V. Hence the norms are equivalent. ll

If V and W are normed linear spaces and 7" : V' — W is any mapping
define the graph of T', denoted G(T') as follows:

G(T) = {(&y) |ly=T()} C VxW

If V and W are normed linear spaces and T : V — W is continuous,
then G(T') is closed in V' x W. This follows from the following general
topological result.

Lemma 4.4.1 Let X and Y be topological spaces, with Y being Haus-
dorff. Let f : X — Y be a given mapping. Then, if f is continuous, the
graph

G(f) = {(z,y) e X xY |y = f(z)}

is closed in the product space X x Y.

Proof: Let (z,y) € (X x Y)\G(f). Thus, y # f(z) and so, since Y is
Hausdorff, there exist open sets i/ and V in Y such that f(z) e U,y € V
andUNY = 0. Now, f~1(U4) x V is open in X xY and contains the point
(z,y). Further, this set does not intersect G(f). (For, if (u,v) were in
the intersection, we would have v = f(u),u € f~}(i) and v € V. Thus,
f(u) =v € UNV, which is a contradiction.) Thus, the complement of
G(f) contains an open neighbourhood of each of its points and is hence
open, i.e. G(f) isclosedin X x Y. &

If V and W are Banach spaces and T is linear, then the converse is
also true as the following theorem shows.

Theorem 4.4.2 (Closed Graph Theorem) Let V and W be Banach
spaces and let T : V — W be a linear mapping. Assume that G(T'), the
graph of T, is closed in V x W. Then T is continuous.

Proof: For x € V, define

lzlly = llzllv + |7 ()llw-

Then ||.||; defines a norm on V. If {z,} is a sequence in V which is
Cauchy with respect to this norm, then, evidently it is Cauchy with
respect to the norm ||.||y as well. Then, since V is complete for the
norm |.||ly, we have that z, — z in V (in the topology of the norm
l.llv). Again, since {z,} is Cauchy for the norm |.||;, it also follows
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that {T'(zy,)} is Cauchy in W and so, since W is complete, T'(z,) — ¥
in W. Since G(T) is closed, it follows that y = T(z). Thus, it follows
that z, — z in the topology of the norm |.|; as well. Thus {V,||.||1}
is also complete. Hence, by the preceding corollary, ||.||y and |.||; are
equivalent. Hence, there exists C > 0 such that ||z|; < C||z|ly for all
z € V. In particular, ||T(z)||lw < Cl|lz|lv for all z € V and so T is
continuous. W

Remark 4.4.1 The closed graph theorem gives a convenient way for
verifying the continuity of linear maps between Banach spaces V and
W. We just have to verify that if z, — z in V and if T(z,) — y in W,
then y =T(z). &

Remark 4.4.2 In the Banach-Steinhaus theorem, it was sufficient that
the domain space V was complete. The range space W could be any
normed linear space. In the case of the Open Mapping and Closed
Graph theorems, however, it is essential that both the spaces V and W
are complete. B

4.5 Annihilators

In the remaining sections of this chapter, we will apply the open mapping
theorem to obtain results about the range and the kernel of linear maps.
In order to do this, we need to introduce an important notion.

Definition 4.5.1 Let V be a Banach space and let W be a subspace of
V. Let Z be a subspace of V*. The annihilator of W is the subspace
of V* given by

Wt = {feV*| f(z)=0 forall z€ W}
The annihilator of Z is the subspace of V given by
Z+ = {zeV | f(z)=0 forall feZ}. B

It is easy to see that W+ is a closed subspace of V* and that Z4 s
a closed subspace of V. Further,

(WL)l =W (4.5.1)

and
(zl)L 5 Z (4.5.2)
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(cf. Exercises 3.8 and 3.9). Also, if G and H are subspaces of V such
that G C H, then H+ c G+.

Proposition 4.5.1 Let G and H be closed subspaces of a Banach space
V. Then

GnH = (G*+ Hi)l (4.5.3)

and
GinH' = (G+H). (4.5.4)

Proof: Clearly, GNH C (GJ'+HJ-)J'. Also, G+ ¢ G+ + H' and
HL c G+ + HL. Hence,

(c* +Hl)~L C (Gl)l =G=¢G
using (4.5.1) and the fact that G is closed. Similarly, we have
(Gl +HL)L c H
and (4.5.3) follows immediately. The relation (4.5.4) is obvious. W

Combining the result of the preceding proposition with the relations
(4.5.1)-(4.5.2), we deduce the following corollary.

Corollary 4.5.1 Let G and H be closed subspaces of a Banach space
V. Then
(GNH)* > GL+H!L (4.5.5)

and

(¢*+n HL)L =C+H. . (4.5.6)

Proposition 4.5.2 Let G and H be two closed subspaces of a Banach
space V such that G + H is also closed. Then, there exists a constant
C > 0 such that, for every z € G + H, there exist t € G and y € H
satisfying

z =z+y, [zl < Cliz|, llyll < Cliz||- (4.5.7)

Proof: Consider the product space G x H with the norm

Iz Wllexa = llzll + llyll-



110 4 Baire’s Theorem and Applications

This is a Banach space since G and H are closed. Consider the map
G x H - G+ H given by (z,y) — z+y. This map is clearly continuous,
linear and onto. Since G + H is a closed subspace of the Banach space
V, it is also a Banach space and so, by the open mapping theorem, there
exists a constant ¢ > 0 such that if 2 € G + H with ||z|| < ¢, then there
exists (z,y) € G x H such that z = z + y and such that ||z| + ||y|| < 1.
Given any z € G + H, by considering, for instance, the vector 5"";":5 we
see immediately that z can be written as z =z +ywithz € G, ye H
such that

2 2
2 = & =
lzll < Zll=ll, llyll < Zll=l
which proves the result with C = 2/c. B

Corollary 4.5.2 Let G and H be closed subspaces of a Banach space
V such that G + H 1is also closed. Then, there exists a constant C > 0
such that

d(z,GNH) < Cld(z,G) +d(z, H)] (4.5.8)

forallzeV.

Proof: Let z € V and let € > 0 be arbitrary. Then, there exist a € G
and b € H such that

|z —al < d(z,G)+¢ and ||z —b| < d(z,H)+e.

set z =a—b € G+ H. Then, there exists ¢ > 0 (which depends only on
G and H), o’ € G and V' € H such that

a—b = d +¥b, ||d| < clla=b|, |l < clla-b].

Now,a—a' =¥ +be GNH. Thus,
d(z,G N H) lz = al| + [lo’|

lz - all + clla — B

(1+¢)llz — al| + ¢z — b]|

(1+ c)d(z,G) + cd(z, H) + (1 + 2¢c)e

(1 +¢)(d(z,G) +d(z,H)) + (1 + 2c)e

IAIAIAIATA

which completes the proof (with C = (1 + ¢)), since ¢ is an arbitrarily
small quantity. B

We are now in a position to prove a deeper result on annihilators.
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Theorem 4.5.1 Let G and H be closed subspaces of a Banach space V.
The following are equivalent:
(i) G+ H is closed in V.
(ii) G+ + H' is closed in V*.
(iii)
G+H=(G* rutP)l

(iv)
Gl +H' = (GnH)'

Proof: Since an annihilator is always closed, the implication (iv) = (ii)
is trivial. The equivalence (i) < (iii) is an immediate consequence of
(4.5.6). To complete the proof, we need to show that (i) = (iv) and that
(ii) = (i), which we now proceed to do.

Step 1. (i) = (iv). Assume that G + H is closed. Now, by (4.5.5),
we already know that (G N H)* D> G+ + H'. Hence, to prove (iv), it
suffices to prove the reverse inclusion. Let f € (GNH)*. Define a linear
functional ¢ on G + H as follows: let z =a+b€ G+ H witha € G
and b € H; set

p(z) = f(a).

If z = @' + b’ is another decomposition of z with @’ € G and b’ € H,
it follows that a —a’ = b — b € GN H and so f(a) = f(a’). Thus the
definition of (z) is independent of the decomposition chosen, and so ¢
is a well defined linear functional. Further, since G + H is closed, we
can choose a decomposition = = a + b such that ||a|| < C||z| (where C
depends only on G and H). Consequently, ||¢(z)|| < C|f|| llz|| and it
follows that ¢ is a continuous linear functional on G+ H. Hence, we can
extend it to a continuous linear functional ¢ on V/, by the Hahn-Banach
theorem. Now, f = ¢ = @ on G andso f — % € G*. Also if z € H, then
since () = 0, it follows that ¢ € H-. Hence we have that

f=-9+% € G-+H*
which proves the reverse inclusion that we sought to establish.
Step 2. (ii) = (i). For any f € V*, we have that (cf. Exercise (3.8)(b))

d(f,G*) = IIfloll = sup |f(2)],
<1

z€G, |||
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d(f,H') = Ifl 4yl = sup |f(z)],

z€H, |z||<1
and (in view of (4.5.4)) that

d(f,G*NH*) = d(f,(G+H)") = ||fl g5l = sup  |f(z)l-
z€G+H, ||z||<1

By Corollary 4.5.2, there exists a constant C' > 0 such that, for every
feVvy
d(f,G* N HY) < C[d(f,G*) +d(f, HY)|

since we are assuming that G+ + H= is closed in V*. In other words,
we have, for every f € V*,

sup  |f(z)] < C| sup |[f(z)|+ sup lf(x)l]-

z€G+H, ||z||<1 z€G, ||lz||<1 z€H, |=z[|<1
(4.5.9)
Step 3. We now claim that the above relation implies that
1
BG(U; 1) + BH(O; 1) D EBG-l-—H(O’ 1) (4510]

where Bg(0;1) denotes the (open) unit ball in G and so on. If not, let
zo € G + H with ||z¢]| < 1/C such that

zo € Bg(0;1) + By (0;1).

Assume that V is a real Banach space. Then, by the Hahn-Banach
theorem, there exists f € V* and a real number o such that, for all
z € Bg(0;1) + By(0;1), we have

f(z) < a < f(=o). (4.5.11)

In particular, f(zg) > a > 0. Further, if z = z+y € Bg(0;1)+Bg(0;1),
then so does —z = —z — y. Thus

SUPgzeg, ||lz|<1 |f(z)| + sup,en, |lz||<1 |f ()|

A IA

?(%)
lloll f (mmo)
o1 (e

& Sup, zrx | £ ()|
lzli<t

Il

IAN A
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which contradicts (4.5.9). This establishes (4.5.10).

In case V is a complex Banach space, then (4.5.11) holds for the real
part of a continuous linear functional f and the preceding sequence of
inequalities hold with |f(z)| being replaced by |Re(f)(z)|. However (cf.
Proposition 3.1.1) since the norm || f|| is the same as the norm ||Re(f)||
(the latter being considered as a real linear functional), and since the
supremum over the unit ball gives the norm of the functional concerned,
the same conclusion holds with |f(z)| as well and so we again get a con-
tradiction to (4.5.9).

Step 4. Now consider the spaces E = G x H with the norm ||(z,y)|| g =
max{||z||, ||ly||} and F = G + H with the norm from V. Both are Banach
spaces. Define T': E — F by T((z,y)) = z +y. Then T is continuous
and linear. Further, in view of (4.5.10), we also have that

— 1
T (Bg(0;1)) D EBF(O; 1).
Now, this implies that (cf. Step 2 of the proof of Proposition 4.4.1)

1
- —Bpr(0;1).
T(Bs(0;1) > 55Br(0;1)
But then, it is now immediate to see that 7" must be onto. In other
words, G+ H =G+ H, i.e. G+ H is closed. This completes the proof.
=

4.6 Complemented Subspaces

Let V be a vector space. If W is a subspace of V, then by completing a
basis of W to get a basis of V/, we can easily produce a subspace Z of
V such that V = W @& Z. The question which we wish to address now
is that if W is a closed subspace of a Banach space V', whether there
exists a closed subspace Z as above.

Definition 4.6.1 Let G be a closed subspace of a Banach space V. A
closed subspace H of V is said to be a complement of G if V = G®H,
ie. GNH={0} andV=G+ H. 1

Remark 4.6.1 If G has a complement H in V, then every z € V has a
unique decomposition z = x +y with z € G and y € H. By Proposition
4.5.2, it follows that the maps z — z and 2z + y are continuous. Thus,
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we have continuous projections from V onto G and H. If G and H were
not closed, these projections need not be continuous. H

Example 4.6.1 Let G be a finite dimensional subspace of a Banach
space V. Then G has a complement (cf. Exercises 3.5 and 3.6). B

Example 4.6.2 Every closed subspace G with finite codimension has
a complement. This is trivial since any algebraic complement, i.e. any
subspace H such that V = G @ H, is finite dimensional and is hence
closed. B

Remark 4.6.2 Subspaces of finite codimension typically occur in the
following way. Let Z be a subspace of V* of dimension d. Then
its annihilator Z+ will be a subspace of V with codimension d. To
see this, let {f1, -+, fs} be a basis for Z. Define ¢ : V — R? by
¢(z) = (fi(z),- -, fa(z)). This map is onto. If not, by the Hahn-Banach
theorem, there exist scalars {a,---,aq4}, not all zero, such that

d
Y aifi(z) = 0
i=1

for every z € V. But this implies that Ele o;f; = 0 in V*, which con-
tradicts the linear independence of the {f;}. Thus, we can find vectors
{e1,---,eq} in V such that

_ 1; #i=3,
fi(e.?) = { 0, ifs 3& j.
It is now easy to verify that {e;,:--,ez} are linearly independent and

that their span (which has dimension d) is a complement to Z+. B

Remark 4.6.3 We will see later (cf. Chapter 7) that in a Hilbert space,
every closed subspace is complemented. In fact, a deep result of Lin-
denstrauss and Tzafriri states that any Banach space which is not iso-
morphic to a Hilbert space will always have uncomplemented closed
subspaces. Since Hilbert spaces are always reflexive, it follows that, in
particular, non-reflexive spaces will always have uncomplemented closed
subspaces. For example de Vito has shown that the space ¢y (cf. Exer-
cise 3.7) is uncomplemented in ¢,,. B
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Definition 4.6.2 Let V and W be Banach spaces and let T € L(V,W)
be surjective. A linear transformation S € L(W,V) is said to be a right
inverse of T if T o S = Iy, the identity operator on W. R

Proposition 4.6.1 LetV and W be Banach spaces and let T € L(V,W)
be surjective. The following are equivalent:

(i) T has a right inverse.

(ii) The subspace N = Ker(T') is complemented in V.

Proof: Step 1. (i) = (ii). Let S € L(W,V) be a right inverse for T.
Consider the image S(W) C V of S. Clearly, S(W)N N = {0}. Also,
ifz € V, then z — S(T(z)) € N. Thus V = S(W) @& N. We now show
that S(W) is closed. Indeed, if we have a sequence {y,} in W such that
S(yn) — z in V, then y, = T(S(yn)) — T'(z) in W. Then, it follows
that

z = lim S(ys) = S(T(z))

i.e. £ € S(W), which proves that S(W) is closed. Thus N is comple-
mented in V.

Step 2. (ii) = (i). Assume that a closed subspace M of V' is a comple-
ment to N in V. Then, we have a continuous projection P : V — M.
Let y € W. Let z € V such that T'(z) = y (T is surjective). If 2’ € V
also satisfies T'(z') = y, then z— 2’ € N and so P(z) = P(z'). Thus, the
map y — P(z) is well defined. Define S(y) = P(z). Then T(S(y)) =
T(P(z)) = T(z) = y (since z — P(z) € N and so T(z) = T(P(z))).
Thus T oS = Iw. We now show that S is continuous as well. Since T is
onto, there exists a constant C > 0 such that By (0; C) C T(By(0;1)).
Thus, for any y € W, §n§|01;y € Bw(0;C) and so there exists 2’ € V
with ||z’|ly < 1 such that

o Y
2w

Hence, if we set z = Z|ly|lwz’, we get that T(z) = y and that

T() =

' 2
Izl < Zlsllw-
Thus,

2
IS@Ilv = 1Py < [Pllizllv < 1P lyllw

which proves the continuity of S. Thus S is a right inverse for 7. B
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4.7 Unbounded Operators, Adjoints

In this section, we will look at linear transformations between Banach
spaces which are not necessarily defined on all of the space, but only
on a subspace. Further, they may not map bounded sets into bounded
sets. Such transformations are said to be unbounded and bounded linear
transformations form a special subclass.

Definition 4.7.1 Let V and W be Banach spaces. An unbounded
linear operator (or, transformation) from V into W is any linear
map defined on a subspace of V taking values in W. The domain of

definition of the transformation A is called the domain of A and is
denoted D(A). Thus,

A:DA)CV —>W.

The image of A is a subspace of W and is called the range of A and is
denoted R(A). The operator A is said to be bounded if there exists a
constant C > 0 such that

|A@)lw < Cllzllv (4.7.1)

for all x € D(A). The operator A is said to be densely defined if
D(A) = V. The graph of a linear operator A is denoted G(A) and is
given by

G(A) = {(z,A(z)) e VxW | z € D(A)}.

The operator A i3 said to be closed if the graph G(A) is closed in V x
w. R

To define a linear operator, we thus need to specify its domain and
then its action on vectors in the domain. Given a linear operator A :
D(A) C V — W+, we denote its kernel by N(A). Thus,

N(A) = {z € D(4) | Az) =0}.

Remark 4.7.1 If A: D(A) C V — W is closed, then N(4) is a closed
subspace in V. B

Example 4.7.1 Let V = W = C[0,1]. Let D(A) = C*[0,1]. Define
A:D(A) CcV =V by A(u) = v’ where u stands for the derivative of
the function u. Clearly, A is densely defined and N (A) is the subspace
of all constant functions. It follows from the fundamental theorem of
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calculus that A is surjective. If u, — u uniformly and if u/, — v uni-
formly, we know that u is differentiable and thatvu’ = v. Thus, A is a
closed operator. Finally, A is unbounded. This, in fact, is the content
of Example 2.3.8. B

Notation: Let V be a Banach space. Let z € V and f € V*. We
introduce the duality bracket < f,z >, which will also be denoted
< f,z >ysyv in case we need to specify the spaces involved, via the
relation

< fiz>= f(z)

Let V and W be Banach spaces and let A : D(A) C V — W be a densely
defined linear operator. Let
_ « | there exists C' > 0 such that for all z € D(A)
= {v &w | | <v,A(z) >w-w | < Clz|lv }
(4.7.2)
Note that the constant C' mentioned above depends on v. Clearly, Z is
a subspace of W*. If v € Z, define, for z € D(A),

9(@) = <v,A@) Swew -

By the definition of Z, it follows that g defines a continuous linear func-
tional on D(A). Hence, by the Hahn-Banach theorem, we can extend it
to a continuous linear functional g, on all of V. Since D(A) is dense in
V', such an extertsion is unique.

To summarize, we have a map y — g, from Z into V*. It is also easy
to see that this map is linear.

Definition 4.7.2 Let V and W be Banach spaces and let A : D(A) C
V — W be a densely defined linear operator. Let Z be as defined above
and for each v € Z, let g, € V* be as defined above. We set D(A*) =Z
and define A*(v) = g, forv € D(A*). The linear operator A* : D(A*) C
W* — V™ is called the adjoint of the operator A. B

Thus, the adjoint is defined for densely defined linear operators. No-
tice that there is no reason for A* to be densely defined. We have
the following important duality relationship: for all u € D(A) and all -
v € D(A*), we have

< A*(v),u >y v = < v, Au) Swew . (4.7.3)
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Example 4.7.2 In a finite dimensional space, every subspace is closed.
Thus, any linear transformation is closed; it is densely defined if, and
only if, it is defined over the entire space. Hence, every linear transfor-
mation defined on the entire space has an adjoint and, since every linear
transformation is bounded, we also have that the adjoint is defined on
the entire dual space of the range. The dual of C" is identified with C"
with the duality product being given by

n
<Y Z>= Z TiYi
=1
where z = (zy,---,Z,) is in the base space and y = (y1,-*-,¥n) is in
the dual space. If A : C* — C™ is a linear transformation which is

represented by the m X n matrix A, then we have, for all y € C™ and
for all x € C",

m n n m
<A'y,x>=<yAr> = Z Za,-ja:j U= ij(z:a_,-jy,-)
i=1 \j=1 i=1 =1

from which it follows that the matrix representing A* is none other than
the adjoint matrix A* (ef. Definition 1.1.11).

In the same way, if the matrix A represents a linear transformation
A from R™ into R™, the adjoint of this transformation will be repre-
sented by the transpose matrix A’. W

Example 4.7.3 Consider the space ¢3 of square summable real se-
quences. Then its dual space can be identified with itself (cf. Example
3.1.1). Consider the linear operators on ¢3 given by T'(z) = (0,21, z3,:-*)
and S(z) = (z2, 23, ) where z = (21,2, --) € £2. Then it is easy to
check that T* = S and that S* =T7. B

Proposition 4.7.1 Let V and W be Banach spaces and let A : D(A) C
V — W be a densely defined linear operator. Then A* is closed.

Proof: We need to show that G(A*), the graph of A*, is closed in
W* x V*, Let v, — v in W* and let A*(v,) — f in V*. Let u € D(A).
Then

< A*(vn),u Svey = < Un, A(U) Swew .

Passing to the limit as n — oo, we get

< fiu>yey = <v,A(u) Swew (4.7.4)
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for all u € D(A). Thus,

| <v,A(w) Swew | < [Ifllve [[ullv

which shows that v € D(A*). It also follows from (4.7.4) that f = A*(v),
thus proving that G(A*) is closed. B

The graphs of A and A* are connected by a simple relation. Let V
and W be Banach spaces. Define

J W*xV*=>V*xWwW*

by
J('Usf) = (_f’v)'

Proposition 4.7.2 Let V and W be Banach spaces and let A: D(A) C
V — W be a densely defined linear operator. Let J be as defined above.
Then

J(G(A") = (G(A)".

Proof: Let u € D(A) be an arbitrary element so that (u, A(u)) is an
arbitrary element of G(A).

(v,f) €G(A*) & < fiudysy =<v,Au) Swew
& <-fiudy-v+<v,A(u) >ww = 0
& J(f) € (GA)*

which completes the proof. B

The following result characterizes densely defined and closed opera-
tors that are bounded.

Proposition 4.7.3 Let V and W be Banach spaces and let A : D(A) C
V — W be a densely defined and closed linear operator. The following
are equivalent:

(i) D(A) =V.

(ii) A is bounded.

(iii) D(A*) = W™.

(iv) A* is bounded.

In this case, we also have

IAll = [l A%. (4.7.5)
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Proof: (i) = (ii). If D(A) = V and A is closed, then it is continuous
by the closed graph theorem, and hence is bounded.

(ii) = (iii). If A is bounded, then it follows from the definition of A*
that D(A4*) = W*.

(iii) = (iv). Since G(A*) is always closed, the result again follows from
the closed graph theorem.

(iv) = (i). First of all, we show that D(A*) is closed. Indeed, if {v,} is
a sequence in D(A*) converging to v € W*, then,

|A* (v — vm)|| < C”t’f} — Un|

since A* is bounded. Thus, it follows that {A*(v,)} is Cauchy in V*.
Let A*(v,) — f in'V*. Since G(A*) is always closed, it follows then
that v € D(A*) and that A*(v) = f. Thus D(A*) is closed.

Now set G = G(A) C Vx W and H = {0} x W C V x W. Both
are closed subspaces. Further, G+ H = D(A) x W. On the other hand,
since (G(A))* = J(G(A*)), we have G+ + H+ = V* x D(A*), which is
closed. Thus, by Theorem 4.5.1, it follows that G + H is closed as well,
which implies that D(A) is closed. Thus, D(4) = D(4) = V.

This proves the equivalence of all the four statements. Under these
conditions, we now prove (4.7.5). For all u € V and for all v € W*, we
have

< v,Au) >wrw = < A*(v),u Sy. v (4.7.6)

which yields
| <v,A(u) S>wew | < (| A7[[[v]lwe]lullv
whence we deduce that (cf. Corollary 3.1.2)
lA@)lw < 1A% lullv

which implies that ||A] < [|A*||.
Again, by virtue of (4.7.6), it follows that

[A*(W)lve = sup | <A*(),u>vev | < (4] [lvljwe
ueV, |ulj<1

which implies that ||A*|| < ||A|. This completes the proof. I
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Proposition 4.7.4 Let V and W be Banach spaces and let A : D(A) C
V — W be a densely defined linear operator. Let G = G(A) CV x W
and let H=V x {0} CV x W. Then

(i) N(A) x {0} =GnH.

(ii)) VxR(A) =G+ H.

(iii) {0} x N(A*) =Gt nH*.

(iv) R(A*) x W* =G+ + H.

Proof: The proof is an immediate consequence of the definitions and
the relation G(A)* = J(G(A*)). The details are left as an exercise. B

Corollary 4.7.1 Let V and W be Banach spaces and let A : D(A) C
V — W be a closed and densely defined linear operator. Then

N(A) = R(A*)*, (4.7.7)

N(4AY) = R(A)*, (4.7.8)

N(A)L > R(4A%) (4.7.9)
and

N(A* ) = R(A). (4.7.10)

Proof: Let G and H be as in the preceding proposition. We know that
(cf. Proposition 4.5.1) GN H = (G*+ + HY)1. Thus, we get that

N(A) x {0} = R(A*)* x {0}.

This proves (4.7.7). Again, by Proposition 4.5.1, we know that G*+ N
H* = (G + H)* which yields

{0} x N(4") = {0} x R(4)

which proves (4.7.8). The remaining two relations are proved from these
two and applying (4.5.1) and (4.5.2). R

Theorem 4.7.1 Let V and W be Banach spaces and let A : D(A) C
V — W be a closed and densely defined linear operator. Then, the
following are equivalent:

(i) R(A) is closed in W.

(ii) R(A*) s closed in V*.

(iii) R(A) = N(4*)L.

(iv) R(A*) = N(A)*.
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Proof: Using the same notations as in the preceding proposiition and
its corollary, we have:

(i) © G+ Hisclosedin V x W.

(ii) & Gt + H* is closed in V* x W*.

(iii) & G+ H = (Gt n HY)L.

(iv) & G+ + H = (GNn H)..

The equivalence of these statements follows from Theorem 4.5.1. W

Remark 4.7.2 As already remarked (cf. Example 4.7.2), all linear
transformations on finite dimensional spaces are closed and densely de-
fined means defined on all the space. The statement that R(A) =
N(A*)* is none other than the well known Fredhdlm alternative (cf.
Proposition 1.1.5). W

We conclude with a useful characterization of surjective maps.

Theorem 4.7.2 Let V and W be Banach spaces and let A : D(A) C
V — W be a closed and densely defined linear operator. The following
are equivalent:

(i) A is onto, i.e. R(A)=W.
(ii) There exists a constant C > 0 such that, for all v € D(A*),

[vllwe < CllA*()]v-. (4.7.11)
(i) M(A*) = {0} and R(A*) is closed in V*.

Proof: (i) = (iii). If A is onto, then R(A) = W and is hence closed.
Thus by the preceding theorem, R(A*) = N(A)*, which is also closed.
Further (cf. Corollary 4.7.1), N(A*) = R(A)* = {0}.

(iii) = (i). If N(A*) = {0}, and R(A*) is closed, it follows from the
preceding theorem that R(A4) = N(A4*)L = W. Thus A is onto.

(ii) = (iii). By virtue of (4.7.11), it follows that N'(A*) = {0}. Let {v,}
be a sequence in D(A*) such that A*v, — f in V*. Then, again, by
(4.7.11), it follows that

lon = vmllw- < Cl|lA*(vn) — A*(vm)llw-

and so {v,} is a Cauchy sequence. Let v, — v in W*. Since G(A*) is
closed, it follows then that v € D(A*) and that A*(v) = f. Thus R(A*)
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is closed.

(iii) = (ii). Using the notation established in Proposition 4.7.4, N'(A*) =
{0} implies that G*NH' = {0} and R(A*) closed implies that G-+ H+
is closed. Hence, by Proposition 4.5.2, there exists a constant C > 0
such that for every z € G + H+ = R(A*) x W*, there exist a € G+
and b € H' such that z = a + b, and |la|lv+<xw+ < C|z||y=xw+ and
[Ibllvexwe+ < C||z||yv*xw+. Further, this decomposition is unique, since
GL N HL = {0}. Let v € D(A*). Set z = (A*(v),0) € R(A*) x W* =
G+ + H'. Then a = (A*(v),—v) € G+ and b = (0,v) € H* and
a + b = z. The inequality(4.7.11) now follows immediately. B

Remark 4.7.3 A similar result can be stated and proved for the sur-
jectivity of A*. W

Remark 4.7.4 If V and W are finite dimensional, then the ranges of A
and A* are automatically closed. In this case we have:

Aonto & A* one — one,
A* onto < A one — one.

However, in infinite dimensional Banach spaces, if we do not have infor-
mation on the range being closed, we can only say:

Aonto = A* one— one,
A* onto = A one — one.

For instance, if V = W = {3, and if

L
A(IE) - (-Tl-_u 9! Y ? ) ’
then A = A* (check!) and A is clearly one-one, but not onto (cf. Exam-

ple 2.3.3). B

Remark 4.7.5 To show that A is onto, we usually use the relation
(4.7.11). We assume that A*(v) = f and show that |[v|lw+ < C| f|lv-.
This is called the method of a priori estimates. We do not worry about
the existence of solutions to the equation A*(v) = f, for a given f; if a
solution exists, we obtain estimates for its norm. I
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Example 4.7.4 Let V and W be real Banach spaces and assume that

W is reflexive. Let
a(.,,.):VxW-—-R

be a bilinear form such that: _
(i) a(.,.) is continuous, i.e. there exists M > 0 such that, for all v € V
and w € W, we have

la(v,w)| < Mllv[|wljw;

(ii) there exists a > 0 such that, for all w € W,

(iii) there exists a constant 8 > 0 such that, for all v € V, we have

a\v,w '
sup 120N S g
wew, wzo ||w|lw

Then, given f € V* and g € W*, there exist unique elements vy € V
and wg € W such that

a(vg,w) = <g,w>w-w forall we W,
a(v,wg) = < f,v>yey forall veV.

To see this, define A : V — W* by < A(v),w >w+ w= a(v, w) for all
w € W. By the continuity of the bilinear form, A is a well defined and
bounded linear operator. Since W is reflexive, we have A* : W — V*,
which is also a bounded linear operator (cf. Proposition 4.7.3) and it is
easy to see that < A*(w),v >v- y=a(v,w). By (ii), we have
A" w)llve > allwlw.

Thus, by Theorem 4.7.2, we deduce that A is onto. By (iii), we have
|A@)llw+ = Bllvllv

whence A is one-one as well. In the same way, A* is one-one and onto
as well. Thus, there exist unique solutions to the equations

A(w) = g, and A*(wg) = f

which proves the result. B



4.8 Ezercises 125

4.8 Exercises

4.1 Show that a Banach space cannot have a basis whose elements form
a countable set. Deduce that the space P of all polynomials in one vari-
able cannot be complete for any norm.

4.2 (a) Let {a,} be a sequence of real numbers such that for any given
real sequence {z,} such that z, — 0 as n — 00, the series

oo
E AnZn
n=1

converges. Show that the series Y>> | a, is absolutely convergent. (Hint:
Use Exercise 3.7(a)).

(b) Let 1 < p < oo. Let {an} be a sequence of real numbers such that
for all £ = (z,) € £, the series Y oo ; anZ, is convergent. Show that
a = (an) € £p.

4.3 (Numerical quadrature) Let V = C[0,1]. For each positive integer
n, define

Pn
onlf) = Y whf(zm)
m=0

for all f € V, where {27}’ , are given points in [0,1] and {wj}ir,

are real numbers (called weights). Let

1
o(f) = fo F(t)dt

for feV.

(a) Show that ¢,(f) — ¢(f) for every f € V, as n — o0, if, and only if,
the following conditions are verified:

() @n(fi) — @(f;) as n — oo, for every integer j > 0, where f;(t) = t/;

(ii)
Pn
sup{z |w,’;,|} < 00.
n m=0 I
(cf. Exercise 2.13.)
(b) If w? > 0 for all n and for all 0 < m < p,, show that the condition
(ii) above is redundant.
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(c) (Trapezoidal rule) Set p, = n and =}, = m/n for 0 < m < n. Let

& {'li if m#0,n

Wy, = .
e if m=0or n.

Show that ¢, (f) — @(f) for all f € V, as n — o0.

4.4 Let V be a Banach space and let {S(t)}:>0 be a family of continuous
linear operators on V. Assume that the following conditions hold:

(i) S(0) = I, the identity operator on V.

(ii) For all t; > 0 and t3 > 0, we have

S(tL+t2) = S(t1) o S(t2).

(iii) For all z € V,
ltlflljl Sit)(z) = =.

Then, we say that {S(t)}:>0 is a cg-semigroup of operators on V.

(a) Let A € L(V). Define S(t) = exp(tA) (cf. Exercise 2.30) for t > 0.
Show that {S(t)}:>0 forms a co-semigroup of operators on V.

(b) Let V' denote the space of all bounded and uniformly continuous real
valued functions on R provided with the usual ‘sup-norm’. For ¢ > 0,

define S(t) by

SE)f)(r) = f(t+7)
for 7 € R. Show that S(t) € L(V) for each t > 0 and that {S(¢)}:>0 is
a cp-semigroup of operators on V.

4.5 Let V be a Banach space and let {S(t)}:>0 be a co-semigroup of
operators on V.

(a) Show that there exists M > 0 (which, without loss of generality, can
be chosen to be greater than, or equal to, unity) and n > 0 such that,
for all 0 < ¢t < 7, we have

Is@®l < M.
(b) Deduce that if w = n~!log M > 0, then
IS@l < Me*

for all £ > 0.
(c) The semigroup is said to be ezponentially stable if we can find M > 0
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and w < 0 such that the preceding inequality is true. Show that a cp-
semigroup {S(t)}:>0 is exponentially stable if, and only if, there exists
a tgp > 0 such that ||S(¢)| < 1.

(d) Prove that for every z € V, fixed, the mapping ¢t — S(t)z is contin-
uous from the interval [0, c0) into V.

(e) Prove that

1 t+h

iz [ S(n)(@) dr = SO(@)

for all £ > 0 and for every z € V.

4.6 Let V be a real Banach space and let a(.,.) : VXV — R be a
continuous bilinear form (cf. Example 4.7.4). Assume that for every
zeV,z#0,

alz; ) > 0.

Let T : V — V be a linear map such that, for all z € V and y € V, we
have

o(T(z),y) = a(z,T(y)).
Show that T' € L(V).

4.7 Let V and W be Banach spaces and let {f;};c; (where I is an in-
dexing set) be a collection of continuous linear functionals on W which
separates points in W. Let T : V — W be a linear map. If f;oT is
continuous for each ¢ € I, show that T € L(V, W).

4.8 Let X,Y and Z be Banach spaces. Let T € L(X,Z) and A €
L(Y,Z). Assume that for every z € X, there exists a unique y € Y
such that A(y) = T(z). Define B : X — Y by Bz = y. Show that
B e L(X,Y).

4.9 Let V and W be Banach spaces. let T' € L(V,W). We say that

-8 € L(W,V) is a left inverse of T if S o T = Iy, where Iy is the iden-
tity operator on V. Show that T has a left inverse if, and only if, T is
injective and R(A) is closed and complemented in W.

4.10 (a) Let W be a Banach space and let T : D(T) C W — W be a
closed and densely defined linear operator. Set V = D(T') and define,
forz eV, _

Izl = llzllw + IT(z)llw-
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Show that V is a Banach space for this norm.
(b) If V is also a Banach space for some other norm ||.|v, and if this
norm is such that both the inclusion map of V into W and the map T
are in L(V, W), show that there exists a constant C > 0 such that, for
allze V,

lzllv < C(lzlw + IT(=)Iw)-
4.11 Let V and W be Banach spaces and let T € L£(V, W) be surjective.

Show that T is injective if, and only if, there exists a constant ¢ > 0
such that, for all v € V, we have

IT@)llw 2 cllvflv.

4.12 Let cr be the set of all real sequences such that all but a finite

number of terms are zero provided with the norm ||.||cc. Define T : cp —
cr by
T2 z
T(IE) = (mli?s'”:f:“')
where z = (z,) € cr. Show that T is a bijection and that T € L(cF).
Show, however, that T is not an isomorphism. Why does this not con-

tradict Corollary 4.4.17

4.13 Let V be a Banach space and let {S(¢)}:>0 be a cp-semigroup of
operators on V. Define

D(A) = {n: eV | lim %(S(h)(m) — &) exists}
and, for z € D(A),
1
A(z) = 1’:{}} E(S(h)(m) ~ ).

The operator A : D(A) C V — V is called the infinitesimal generator of
the semigroup {S(t)}:>0. If A € L(V), show that it is the infinitesimal
generator of the semigroup {exp(tA)}:>0.

4.14 Let V and {S(t)}:>0 be as in Exercise 4.4(b). Shaw that the
infinitesimal generator of the semigroup is given by:

D(A) = {f eV | § exists and f' € V},

and

Alf) = f
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where f’ denotes the derivative of f.

4.15 Let {S(t)}+>0 be a cp-semigroup of operators on a Banach space V.
Let A : D(A) C V — V be its infinitesimal generator. For any z € V,
show that

/ot S(t)(z) dr € D(A)
and that

A ( /0 'S (@) d’r) = SE)) ~a

4.16 Let {S(t)}:>0 be a cp-semigroup of operators on a Banach space
V. Let A: D(A) CV — V be its infinitesimal generator.
(a) Let z € D(A). Show that S(t)(z) € D(A) for all £ > 0 and that

SEOE) = ASOE) = SHAE).

(b) If z € D(A) and if 0 < t3 < t;, show that

t1 4
S(t1)(z) - S(t2)(x) = [ S(r)(A(z)) dr = [ A(S(7)(z)) dr.
to to
4.17 Let {S(¢)}t>0 be a co-semigroup of operators on a Banach space
V. Let A: D(A) C V — V be its infinitesimal generator. Show that A
is densely defined and closed.

4.18 Let V be a Banach space and let A : D(A) C V — V be a linear
operator. We say that a map ¢ — u(t) from [0,00) into V is a solution
to the initial value problem:

wh = Au(t), t >0,
u(0) = =z

if u(t) € D(A) for all £ > 0 and if it verifies the above equations.

(a) If z € D(A), and if A is the infinitesimal generator of a cy-semigroup
of operators {S(t)};>0 on V/, show that the only solution to the above
initial value problem is given by u(t) = S(t)(z) for ¢ > 0. (Hint: Clearly
u(t) defined thus is a solution by the Exercise 4.16; to show uniqueness,
differentiate the map 7 — S(t — 7)(u(7)), 7 € (0,00).)

(b) If V is a Banach space and if {$1(¢)}:>0 and {S2(t)}s>0 are two
co-semigroups of operators on V which have the same infinitesimal gen-
erator, show that S;(t) = Sa(t) for all ¢ > 0.
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(c) Deduce that the only semigroups on V' whose infinitesimal genera-
tors are in £(V) are of the form {exp(tA)};>o with A € L(V).

4.19 Let {S(t)}:>0 be a cp-semigroup of operators on a Banach space V.
Let A: D(A) C V — V be its infinitesimal generator. Assume further
that, for all ¢ > 0, ||S(¢)|| < 1. (Such a semigroup is called a semigroup
of contractions).

(a) Let A > 0. For z € V, define

R(\)(z) = /0 " e (1)(x) dt

(cf. Exercise 3.15). If x € D(A), show that R(\)(z) € D(A) for all
A > 0 and that
R()\)(A(z)) = A(R(M)(z)).

(b) Show that for all A > 0,

(M - A)(RN)(2)) = o
for all z € V and that

RA)N(M - A)(z)) = =
for all z € D(A), where I is the identity map on V.

Remark 4.8.1 Exercise 4.19 shows that if A is the infinitesimal genera-
tor of a semigroup of contractions, then the (unbounded) linear opeartor
M — A is invertible and that its inverse is R(\) which is a bounded lin-
ear operator defined on V. Thus, together with Exercise 4.17, we see
that in order that an (unbounded) linear operator A be the infinitesimal
generator of a semigroup of contractions, it has to be densely defined,
closed and for all A > 0, ||(AI — A)~!|| < 1/A. In fact these conditions
are also sufficient for A to be the infinitesimal generator of a semigroup
of contractions. This is the content of the famous Hille- Yosida theorem.
Generalizations to other cg-semigroups also exist. The usefulness of this
result stems from the fact that many partial differential equations of the
evolution type (for instance, the heat, wave and Schrédinger equations)
can be cast in the form of an initial value problem as stated in Exer-
cise 4.18 involving an unbounded linear operator and so the existence of
uniqueness of solutions will follow from the the fact that the operator is
the infinitesimal generator of a cp-semigroup. For more details see, for
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instance Kesavan [3]. B

4.20 Let V and W be Banach spaces and let A: D(A) CV — W be a
closed operator. Let B € L(V,W). Show that (A+B) : D(A)CcV - W
is also closed.



